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Introduction

Taylor and others®® have observed a very
efficient isotope separation with experiments
on the countercurrent gaseous exchange column,
Bernstein and Taylor® have used a hot wire
type thermal diffusion column with a top
reservoir filled with carbon dioxide and a
bottom reservoir in which a chemical converter
reduces carbon dioxide to carbon monoxide.
The column consisted of a water- jacketed glass
tube 1.0 cm. in diameter and 110 cm. long.
When it ran two or three days with hot wire
temperature 11507C., the heavy isotope C3
was concentrated 1.5 times to the initial con-
centration at the bottom reservoir. This over-
a]l separation is much greater than that of
ordinary thermal diffusion.

To account for its high efficiency, Bernstein
and Taylor® have treated the problem with
the simplified How pattern and idealized two
cases; diffusion rate limited case and exchange
rate limited case. However, the treatment of
this problem is so simplified that it cannot
explain the mechanism of isotope separation
by this column. The exchange reaction be-

(1) T.I. Taylor and R. B. Bernstein, J. 4Am. Chem.
Soc., 69, 2076 (1947) ; T. I. Taylor and W. Spindel, J.
Chem. Phys., 16, 635 (1948).

(2) R. B. Bernstein and T. I. Taylor, J. Chem. Phys.,
16, 903 (1948).

tween carbon dioxide and monoxide had been
studied by Brandner and Urey,® and recently
Norris and Ruben® reexamined this problem.
Though their. results are not entirely conclusive
it may be said that the reaction velocity is
very slow at the temperature below 700°K.,
and at the higher temperature the reaction
velocity increases as the ordinary chemical
reactions. Since the diffusion rate is propor-
tional to the square of temperature, it may be
reasonable to assume that above the certain
temperature T, the reaction is very rapid
compared with the diffusion process. At the
region where temperature is below T, the
exchange reaction may be considered very slow
compared with the diffusion process, therefore
we may treat the behavior of heavy isotope
C? in carbon dioxide and carbon monoxide
separately. In the region where the tem-
perature is higher than T, the equilibrium of
the isotopic exchange reaction,

CI 202 + 0130 : C‘l 302 + 0130

holds with the equilibrium constant a(T) of
this temperature. Under these situations the
mechanism of the isotope enrichment by
countercurrent gaseous exchange column can

(3) J. Brandoer snd H. C. Urey, ibld., 13, 351 (1945).
(4) T. H. Norris and 8. Ruben, ibid., 18, 1595 (1950)-
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be solved using no more serious assumptions
and simplified cases.

Descriptions of Experimental
Conditions and Notations

Suppose two different gases of species 1 and
2 each has the same element A, and there are
two isotopes A’ and A7. When we write AB
for the gas molecule of species 1 and AC for
species 2, the chemical exchange reaction,

A'B4+A/CZA/B+A'C (1)

takes place very rapidly compared with the
diffusion process at the temperature higher
than T, and slowly enough at the temperature
below 1.

The apparatus is supposed to be an ordinary
hot wire type thermal duffusion column, and
its dimensions are as follows; r;, ry=radius
of cooled cylinder and hot wire, Z=length of
column, T, and T, are absolute temperatures
of cooled eylinder and hot wire respectively.
» and 2z are radial and vertical (along the
column) coordinates; r.<r=<mr,, 0=z<Z.

The gas in the apparatus is a mixture of AB
and AC. ¢, ¢,=Iractional molar concentration
of species 1(AB) and 2(AC); ¢+es=1. vy, 2=
fractional molar concentration of isotope A’ of
the species 1 and of species 2. y=fractional
molar concentration of isotope A? as a whole;
y=e,u1+ew.. D, D,=self diffusion coefficient
of species 1 and 2. A=thermal conductivity,
n=viscosity, p=density of gas mixture. M,
M;=molecular weight of AB and AC, M=mean
molecular weight; M=c;M+e,M..

Isotopic Transport

The consideration about the distribution of
different gases in the thermal diffusion column
treated here is based on the theory which had
been developed by Furry, Jones and Onsager.(®
Suppose species 1 concentrates to the hot part
of the column by thermal diffusion, the
transport T, (mol./sec.) of species 1 along the
column is given by Furry and Jones@® as
follows,

Mry=He,e,—(Ke+Kq)(dey/ dz) (2)

where H, K. and K, are given by expressions
(52), {40) and ({47). Regarding the flow of gas,

(5) W. H. Furry, R. C. Jones and L. Onsager, Phys.
Rev., 55, 1083 (1939). .

(6) R. C. Jones and W. H. Furry, Rev. Mod. Fhys., 18,
151 (1946).

(7) W. H. Furry and R. C. Jones, Phys. Rev., 69, 459
(1946).
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the equation of flux (mol./sec. cm.) of species
1 was given by Furry, Jones and Onsager® as
follows,

J,= fpimi’w: +D’y(—grad ¢,
+aiere, grad 1nT)] (8)

and a corresponding equation holds for .J.
‘Where 2 is velocity vector of convective flow,
D’; is diffusion coefficient of species 1 in the
gas mixture and «, is thermal diffusion constant
for the mixture of two different gases. The
isotopic exchange reaction and the separation
of isotope in the column are treated here at
the situation in which the steady state was
attained about the distribution of two gases
of species 1 and 2. Then we have

div Ji=div J,=0 (4)

Regarding the flow of isotope in the gas of
species 1, the equation of flux of A‘ is

I, =uJ,—(pDse,/ M)(grad v,
—th(1—vy)v, gradln T)  (5)

and the flux of A’ in the gas of species 2 is

Iz = V'.Jz - fPDsz/E)(gmd Vg
—ay(1—v,)v, grad InT)  (6)

where «; and @, are isotopic thermal diffusion
constants for gases of species 1 and 2 respec-
tively. We assume that the time variation of
vi and v, at each point in the tube is negli-
gible, i. e. stationary or quasistationary state
with respect to the isotopic distribution in the
column. This assumption holds not only at
the final equilibrium but also during the ap-
proach to equilibrium when both reservoirs -
are sufficiently large. From these conditions
we have
div I=divI,=0 (T<Ty) (7)

at the point where the temperature is below
% In the region where the temperature is
higher than T, the exchange reaction (1) takes
place. Then in this region we have only one
equation,

and in this region v; and v, are related by
equilibrium canstant

vilm=a(T) (T=T,) ©)

The application of equations (5), (6) and (2)
on equation (7) gives
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oJ; grad v, —div(pDye; grad vy) [ M=0

(T<T,) (10}
oJ, grad v,—div(pDae, grad v,) | M=0
(T<T) (11)

in the same way we have from equations (8)
and (9)

J; grad v, +J, grad(a@v,) —div(pD,e, grad v,
+pDye; grad () /| M=0 (T=T,) (12)

where we neglected the third terms of equa-
tions (5) and (6) which are derived from
thermal diffusion of isotope in each of two
gases. Because we are now interested in the
case having a large separation factor which
would never be explained by thermal diffusion.
We can see from equation (3) that the z-
component ji. of the vector J; {(i=1, 2) is
sufficiently large compared with other com-
ponents except the small region where v, be-
comes zero. Then from equations (10), (11)
and (12), neglecting the radial components of
<J; we have

Ji(ovs] @2) —r=* (0] or)pDecer(ove[or) | M=0
(i=1,2) (T'<T) (18)
J1e(Qv1] D2} +ju(Bv2 [32)
—r=Y3/ar)pr[Dier(or1[oT)
+D.cxlova/or)]| M=0 (1T=T,) (14)

In the above equations the terms containing
(*v1/22%) and (2*v.[32%) are omitted. These
terms represent the effects of diffusion of
isotope along the column which are separately
treated in the equation of isotopic transport.
The term D:p(Se:/ Dz} (ov1/52) M and correspond -
ing term of species 2 are also omitted in (13)
and (14), since the diffusion along the column
is small enough compared with the convective
flow. The neglect of these terms in equations
(18) and (14) gives only a slight effect as
much as the neglect of radial components of
J; in equations (10) and (11).

Now we introduce the functions L; and L
which are defined as follows,

.[:' Smrjndr=Li(r) (i=1,2) (15)
Ly(r) + Ly(r) = L(r) (16)

Using the above equations we can integrate
(18) and (14),
(0w [2) L(r) =2m pDieir(Dve or) | M
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(ov1/2e) Ly(r) + (0v1 [2) La(r)
=27 pr[Die,(dv1] Or)+ Dueo(ov et/ or)] | M
(T=T) (18)

since 9v;/or and 2v./dr must vanish at the
walls and we neglect small differences between
ov1/2z and Ov,/92, and their dependence on
radial coordinate. By means of equation (15)
the total flow of gases of species 1 and 2 are
given by

—Ti=L(ry) (i=1,2) (19)
As the total flow of gas as a whole is zero,
we get

Ti+Ty=0 (20)

At any point div(L,+1,) is zero then, total
transport (T=mol. [sec.) of isotope A’ along the
tube is independent of z, i.e.,

41
'r=f 277 (o1 F faera)dr

b |
— (o[ 22) f 2mpr(Drey+ Dyey)dr [ M
Tz

= const. (21)

The first term of equation (21) represents the
transport of isotope by the convective flow of
gases and the second term is derived from the
vertical diffusion of isotope. When the small
radial variations of ¢, and e, are neglected,
the second term becomes the same as the case
of thermal diffusion column, and we can use
the results of Furry and Jones® ( as follows,

1 —
(ayu{a‘z)[ 271’,0?'(1)101 +chz}d7'.fli‘rf
T2

=[e\(Ka)1/ M+-c,( K)o/ Mi(ov,[22)  (22)

where (Ka)i=2x(pD)yr* kg (i=21,2) (23)

They tabulated the numerical values of kg
for the different values of (T,/7y) and (r/r.)
in the case of a Maxwellian gas. The subscript
1 of (pD;) emphasizes that the quantity in
parethesis is to be evaluated at 7. Using
equation (15), partial integration of the fix:
term of equation (21}, gives

"1
f 2?’{'?’{3'1391 +jy,¢ Vz)dn"

T T
:f 27{5"”1[,51:'1‘“_‘}':3)@7' _f 2?1'7'('-’1jlz+ 1-"2_’}2:} dr
T2 Ty

=rwalre) +Tavy(rs) — j; rb{(avlfar)(rﬁL,)
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+(9vs[or) (T2 Ly)Jdr

T
+f ((al".fa')Ll‘HaVz)’af}Lz}fgf

1

where r, is radial coordinate, the temperature
of which is 7,. According to (15), (9), (20),
(17) and (18) the above expression becomes

vir(1—a(Th)

4 T Dgca(11+L1)_‘D}f_3ﬂj'2+Ls) Y da
- Diey+D.e, ' dr

v MO L% | L3 )avl
—_— — Wi _dr
+ja: 2z pr ( Dhe, + Dyey ) cz
+ : "“_I (_ — ;Ls R ) aﬁv‘ dr
m, 2mpr\ Diey+Dac, oz
We may regard in expression (24) the functions
vy and Qv /o2 depend only on 2. By expressions

(22) and (24), the isotopic transport given by
(21) becomes as follows,

dr

(24)

7=Ay—(Be+Ba)ov[Ce (23)

where
A=1(1—a(T))

4 [ Pemtl)=De(m L) da
rg ch[ - D:Cg dr

(26)

—B=X| [r(Ey pya
2r L Jre \Dier  Daes Jpr
Te 2 2
g M ves sl B
b Diey+Dae, pr
Ba=(e{ Kol Feu(Ka)s) | M (28)
Evaluation of integrals in B, is simply per-
formed when some approximations are intro-
duced for L,, L, and diffusion coefficients. In
expression (27) diffusion coefficients D, and D,
are contained in positive terms, therefore we
can substitute these coefficients by mean value
D without great error.
The main part of j,. is convective flow along
the tube. Then we may put

de=pe|M (i=1,2) (29)
in equation (15), where v is z-component of
convective flow 2. This is very close approxi-
mation since the effects of diffusion are small
enough compared with convective flow. We
can remove ¢; from under the integral sign of
(15), because ¢; varies only slightly with 7.
Then we may substitute L; by e;L. Using
above approximation we obtain
.
'—.Bf:‘:‘-i L

rynl My (30)
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In order to evaluate the second term of ex-
pression (26) we use the following approxima-
tion which is similar to one applied to IL; in
the above case;

T+ Lg=f’ 2rridr=ciL
rg

By this approximation we can rewrite equation
(26) as follows,

- . 3 clﬂzf.D;l,'_Dd ™ da d
A=7(1—a(Tw)+ eDs+oD, f‘L dr 7

(81)

Convective Flow

Except the both ends of the tube, tem-
perature gradient is determined by conduction
alone, and in this region we have

2 Q=2xrA(—dT/dr) (32)
where 27Q is heat flow by conduction per
unit length of the tube, in cal./cm. sec.

The hydrodynamical equation of steady
viscous flow in cylindrical coordinates is

r=Y 3 /er)rm(ov [or)=dpldz+pg  (38)
where p is pressure and g is acceleration of
gravity. We assume that the velocity is
entirely in z direction, and it is independent
of z. Using equation (38) we have

Qd)dT A" rd ] dT A" (dv]dT)

~g(dp)aT) (34)

Convective flow v must vanish at the walls;
o(Ty) =v(T,) =0 (85)

We have from equations (15), (16) and (29),

-
Lz'-f 2mrpedr [ M (36)

1

From this equation we can see that L is the
total flow of convection at the outside of the
cylindrical part of radius ». Then we have
L(r;)=Lir,) =0 (87)
Differentiate equation (36) with respect to r,
and using equation (32) we have
v=—(MQ/2xN\r*)(dL/dT) (38)
Substitution of equation (38) in (84) gives a
differetial equation for L,
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MP d 1 d md 1 dL_ dp
o7 dT v\ dT \ dT rap dT  Jar
(89)

From (385), (87) and (38) the boundary condi-

tions are

L(r)=L(ry)=L"(r)=L"(r:)=0 (89}’
The function L obtained from (39) and (89)'

is identical to
(27pD /NG M)G

where @ is the function used by Furry and
Jones® (M, Therefore we can use their results
of caleulation about the integral contained in
equation (30), and we have

B.=K.M=(27[9!)(p*g*/9°D), - riike]/ M (40)

where values of k. are tabulated for Maxwellian
gases by Furry and Jones® for various com-
binations of (7,/T,) and (ry/rj. In order to
evaluate the integral in equation (31), we have
to solve the differential equation (39). Using
the assumption that the quantities A, » and
pD are proportional to 7, an assymptotic
solution of equation (39) for extreme cylindri-
cal case (ry/r;—0) has been given by Furry
and Jones(™;

L(T)=2xMpg[n) - r'it*r exp (2)7(t) (41)
- 'Y”ft‘z)
YO

S”Z!-BXP{_tzl}/ﬂ exp(—x”)d:vj-—-fl
[ 1

Where variable ¢ is defined by

t=(NQT)V/*T (42)
and ¢, and ¢, are values of ¢ at T=T,; and T
respectively. The numerical values of 7% and
+v'" as the functions of ¢ were tabulated by
Furry and Jones.(® TUsing these results we
obtain the expression for the integral in (31)
in terms of known functions as follows,

Hy= f "Lida Jdr)dr
rg

=1{27 | M)(pg [n)yr*it% exp (2t%)
X [hn— (A o[ 22)] [ [1— (8" [ t:)]

hy=— f ® o (det) dt)dt
iy

(43)

(44)

b= —fmfy”(da{dt}d-t
Ty
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Equilibrium S:zparation Factor

We proceed from the equation for transport
of isotope 4 up to the tube:

7=Av,— (Be+Ba)ldv,/dz) (45)
where 4 is given by (31) and (43);
A=7[1—a(Ty)]+[eic(D.—Dy)/ DIH, (46)

B, is given by equation (40), and B, is given
by equation (28);
Ba=Ka| M=27(pD)yr*ikal M (47)
The approximation was used to derive above
equations that we put D, and D, are equal to D
except the case which contains their difference.
In the final equilibrium state T is zero all
along the tube. Putting 7=0 in (45) we
obtain
Ay=(B.+Ba)(dv/dz) (48)
The integral of (48) gives a ratio of the con-
centration of isotope 4 in the top and the bot-
tom reservoirs. In gencral case the distinction
between v, and v, is not necessary when we
consider the large separation of isotope in
both reservoirs. The funections of z in equation .
(48) are v and A which depends z through e;e.
in (46). Then integral of (48) is

Dy—D
(1—a(T.) 2+ 5 ' aﬁ cieydz

v{'Z;__)
v(0)
where v(0) and v(Z) are values of v av the

bottom and the top reservoirs respectively.,
By the similar way we obtain from equation(2)

= (Bc+Bg) ln(- (49)

_ oz
(H}M}fu‘ eydz=7.2

+(Ke+ Ka)(el(Z)—e;(0)}/ M (50)
where ¢;(Z) and ¢,(0) are ¢, at the bottom and
the top reservoirs. Substitution of (50), (40)
and (47) into (49) leads to the expression for
over-all separation S as follows,
o viZ)\_ T
lnb—-ln( 2(0) )—l (1—a(Ts)

D,~D, H, }
D H
D —D, H,

j’j___ }}TJ‘;(CI(Zj — (])

T'[Z

+ Bc +Bd

51)
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When we use the approximate formula (41),
H becomes

heo —(h"'[t.)
—_ 2 4 43 2y v
H=2x(p*g[n)yr"st* exp (2, 1—(8" Jt,)
(52)
where he =fmar(‘7m [tydi
1
B = j: "oy Jo)dt (53)

The expressions (53) and (43) give

H, L _bg_— (}-‘,.-,” ,“3} -
HIX™ b — {0 [ G4

Discussion

From rather surprisingly simple results given
by equation (51) we can easily calculate over-
all separation S, since B, B, and (¢;(Z) —c,(0))
may be determined from experimental condi-
tions, and H,/H may be numerically calculated
by expression (54) when we know the tem-
perature T%.

The details of experimental verification of
-equation (51) will be reported in part 2 on
this Bulletin.

We shall now discuss the functioning of
gaseons exchange column. The remixing
effects of the diffusion of isotope along the
tube and of the countercurrent in the tube
are represented by Bgdvi/dz and B.dy,[dz
respectively in the transport equation (45). It
is reasonable that an appropriate approxima-
tion leads these terms to ‘the expressions which
are identical for the ordinary thermal diffusion
as shown by equation (40)) and (47). The
initial isotopic transport obtained by putting
dy;/dz=0 in equation (45) is rather com-
plicated, but its meaning is clear. When the
ratio v, /v, is @(T}) at any point in the tube,

vimi(1—a(Ty)) =71 +7oqa(Ty)
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is transport of isotope A along the 'tube.
Whereas in the equilibrium region (T=T),) a
varies with temperature. If we assume the
self diffusion coefficient D, is larger than D,,
the radial variation of y; may not be large,
but the radial variation of a results in a
strong variation of v,. The deviation of
transport estimated in the first term of the
expression (46) is corrected by the second
term which is derived from such an asym-
metric variation of v, and v, between r, and
r,. An application of (46) to the experiments
of Bernstein and Taylor® shows that the first
term is negligibly small compared with the
second term. Therefore we may conclude that
the transport of isotope in the equilibrium
region results in the high efficiency of the
gaseous exchange column. Perphaps there is
another possibility to obtain the high efficiency
by the mode of operation in which 7, takes
large value by the thermal dissociation with
suitable gas. In this case the transport of
gases must be recalculated with the equilibrium
constant of thermal dissociation.

Summary

The theoretical treatment of the counter-
current gaseous cxchange method for the
separation of isotopes is.developed here. The
equation of transport is derived with the as-
sumption that the equilibrium of the isotopic
exchange reaction holds only in the sharply
defined region in which temperature is higher
than T,. An appropriate approximation leads
the transport equation to one which is formally
similar to the transport equation of thermal
diffusion column. The mechanism of isotope
enrichment by countercurrent gaseous exchange
method is discussed using the transport equa-
tion. The equilibrium separation factor is also
derived from the transport equation.
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